This contribution reports the development of a time domain model of a three-phase voltage source converter (VSC) that can be used in the transient and steady state analysis of nonlinear power systems including their associated closed-loop control schemes. With this proposed model, the original discontinuous nonlinear power system can be transformed into a continuous system, while keeping the underlying harmonic nature of the VSC and avoiding typical and undesirable numerical problems associated with the large derivatives during the switching transitions. The development of this model was based on the dynamic Fourier series of the switching functions under a sinusoidal PWM modulation scheme, which require the calculation of the switching instants at each integration step; the switching instants and the dynamic Fourier series coefficients are calculated by explicit mathematical formulas. The proposed model of the VSC is suitable for the fast computation of the periodic steady state solution through the application of Newton method. Simulations were carried out in order to illustrate the benefits of the proposed VSC model.
Introduction
This contribution describes a time domain model of the voltage source converter (VSC) that can be used in the transient and steady state analysis of nonlinear power systems including linear or nonlinear control schemes. With the proposed model, the original discontinuous nonlinear power system can be transformed into a continuous system while keeping the underlying discontinuous nature of the VSC and avoiding undesirable numerical problems associated with the large derivatives during the switching transitions. Additionally, the computation of the periodic steady state solution is obtained with a Newton method; in this paper, an enhanced numerical differentiation method is used [1] . Several models have been presented in order to describe more accurately the VSC: in [6] two mathematical representations of the three-phase VSC for transient and steady state solutions of nonlinear electric systems are proposed. The three-phase VSC models in -frame proposed in [7] can be used in a Newton-Raphson formulation for the fast computation of the periodic steady state solution and stability assessment of power systems with nonlinear loads and control systems, as demonstrated in [8] [9] [10] [11] [12] . In a previous contribution, an exact model for VSC in -frame is presented in [13] . Reference [14] presents a direct harmonic method in the -frame for the computation of the characteristic and uncharacteristic harmonic components of the VSC. In [15] , an iterative method based on a hybrid time/frequency-domain approach is proposed to compute the steady state of a PWM VSC in the -frame with a closed-loop controller. In these previous contributions [13] [14] [15] , the models are only limited to linear switched networks and also present some drawbacks for VSC with closed-loop control; that is, the quadratic convergence characteristics of the Newton-Raphson method for the fast computation of the periodic steady state solution are degraded. Reference [16] deals with a time domain method using a modified Newton method for only one VSC with dq control; however, the size of the resulting system increases with the switching frequency and this approach does not address the stability problem.
Mathematical Problems in Engineering
This contribution deals with a powerful model of the VSC based on the Fourier series for time domain simulation of nonlinear power systems including VSC-based components considering large time steps. This model will be described in detail in the following sections.
Algebraic Model of the VSC
For reference, Figure 1 shows the circuit representation of the well-known three-phase two-level VSC. This VSC contains six bidirectional switches; each bidirectional switch is an arrangement of an IGBT (GTO or MOSFET) in antiparallel with a diode. In power system analysis, the engineers use the ideal switch model to represent semiconductors [17] . Using the ideal switch model, the original continuous nonlinear dynamic system that represents the VSC becomes a set of linear algebraic equations. The bidirectional switching function is identified by and for each phase ( = , , ), which can be on or off, is the switch-on state resistance, and is 1 or 0, corresponding to the on and off states of the switch, respectively. In addition, and are complementary; that is, + = 1.
The voltage to ground at the ac side of the VSC is given by
The switching functions , , and are square waveforms and take values of 0 for some intervals of time every fundamental period and values of 1 for the rest of the fundamental period. The time instants when the switching functions change from 1 to 0 and vice versa are named switching times. Please notice in (1) that the relationship between the dc side and the ac side of the VSC is purely algebraic; thus, the voltage variations in one side are instantaneously seen for the other side and vice versa. The mathematical representation (1) allows any modulation technique. In this contribution, the proposed model is focused on the Sinusoidal Pulse Width Modulation (SPWM) technique. The switching functions can be written in terms of the complex Fourier series, as follows:
where max is the highest harmonic order.
The complex Fourier series coefficients of the switching functions ( ⟨ ⟩ , ⟨ ⟩ , and ⟨ ⟩ ) strictly depend on the switching times; therefore, the switching functions can be described analytically if the switching times are also described by analytical and explicit expressions in terms of the modulation parameters of the VSC. According to this idea, the next step toward the proposed model is to develop analytical and explicit equations for the computation of the switching times.
Symbolic and Explicit Equations for the Computation of the Switching Times
The desired voltages at the terminals of the VSC are
In particular, for the balanced case, = + 2 /3, = − 2 /3. The switching times can be computed as follows:
Mathematical Problems in Engineering
Equations (4a)-(4c) can be transformed into a Newton process in order to increase the precision of the switching times:
The initial guess for the iterative equations (5a)-(5c) is
Once the switching instants have been calculated, the switching functions are automatically obtained as follows: Mathematical Problems in Engineering
(7c)
The th state for switching function ⟨ ⟩ takes place from ⟨ −1⟩ to < ⟨ ⟩ and so on and so forth, where = , , . By definition, ⟨0⟩ = 0 and ⟨2 +1⟩ = for = , , . For some phase angles as shown in (7a)-(7c), the switching functions contain 2 + 1 states because for those angles the state of from ⟨2 ⟩ to < is equal to the state of from ⟨0⟩ to < ⟨1⟩ . If one of the phase angles ( , , and ) is equal to /2 or 3 /2, then the associated switching function only has 2 states in a full fundamental period. Only for this particular case, the last state is different to the first state.
Equations (4a)-(6c) are the general expression for the approximated computation of the switching instants. In (4a)-(4c), ⟨ ⟩ , ⟨ ⟩ , and ⟨ ⟩ are the th switching instants for the switching functions of phases , , and , respectively. In (5a)-(5c), is the absolute slope of the triangular signal used in the SPWM modulation technique and is equal to 4 / ; is the fundamental period of the control signals (3a)-(3c); is the frequency modulation ratio; is the amplitude modulation ratio for each phase, and this is equal to | |/V dc ; 0 = 2 / is the desired fundamental frequency; and ⟨ ⟩ are the instants where the triangular signal is zero and these are equal to ( − 1)/(2 ) for = 1, 2, . . . , 2 + 1.
Example 1.
In this example, the switching times for the phase are computed using (4a)-(6c) with = 9, = 0.6, = 1/60 s, and = /7 rad. Figure 2 shows the SPWM process for this case. The number of switching instants in the linear modulation region is always 2 for each phase; therefore, there are 18 switching instants for the phase .
In Table 1 , the switching instants are listed. In the first column the th switching instant is listed. In the second column the initial guess obtained with (6a) is listed. In the third column the computed switching instants obtained with (4a) are shown, which correspond to the first iteration of (5a). The fourth and fifth columns show the second and third iteration of (5a), respectively.
Switching Instants for Odd Switching Functions in the Balanced
Case. In the case where the switching functions are odd, for example, = odd, they have half-wave symmetry; consequently, all even-numbered harmonics vanish. In addition,
Using half-wave symmetry property, it is only necessary to compute half of the switching times with analytical equations (4a)-(6c). For example, from Table 1 , it is easy to show that ⟨ +9⟩ = ⟨ ⟩ + 1/120 for = 1, 2, 3, . . . , 9. For the balanced case, the switching times can be computed for one phase, and, for the other phases, these are obtained with Mathematical Problems in Engineering 5 the appropriate phase angle if is odd multiple of three as follows:
If the half-wave symmetry is considered, then (9a)-(9b) are
,
With (10a), (10b), only the sixth part ( switching instants) of the total switching instants (6 ) has to be computed with (4a)-(4c) or (5a)-(5c) and, consequently, the computational effort is dramatically reduced.
Complex Fourier Series Coefficients of the Switching Functions
Once switching instants have been analytically calculated, the pulse train of the switching function is automatically obtained with (7a)-(7c) in the linear modulation. The complex Fourier series coefficients of the switching function are zero for even harmonic components if = odd. On the other hand, the odd complex Fourier series coefficients for = odd are Mathematical Problems in Engineering
The following relationships between the complex Fourier series coefficients are satisfied if additionally a balanced case is considered; that is, = + 2 /3 and = − 2 /3 in (2):
Observe that, in (11a)-(13b), the summation only includes half of the switching times for each phase. Moreover, only half of the switching times for one phase have to be computed. For example, half of the switching times are computed for the phase using (4a); then ⟨ ⟩ is computed using (11a), (11b); finally, ⟨ ⟩ and ⟨ ⟩ are computed using (14) . Once the complex Fourier series coefficients have been obtained, (2) can be evaluated in order to compute the value of the switching function at the time given specific values of , , and . In the general case, and vary in the time since these parameters are the output of a control system. Figure 3 shows the sequential process to evaluate the switching functions at specific time ; this diagram represents the proposed Fourier series model of a VSC. In particular for the SPWM technique, dominant complex Fourier series coefficients appear as sidebands, centered around the switching frequency and its multiples, and the rest of the nonzero ⟨ ⟩ are very small and consequently can be neglected which means that they are not computed.
Equations (11a)-(13b) are analytical expressions of the Fourier coefficients of the switching functions based on the SPWM technique. Notice that these equations depend on the switching times, which are also described by analytical and explicit equations in terms of the modulation parameters, such as the index modulation frequency, the index modulation amplitude, and the phase angle. With the proposed model of a VSC in terms of the Fourier series, the original time domain model is preserved and the undesired effects of the discontinuity such as stiffness and inconsistent initial conditions are efficiently avoided. Additionally, this Fourier series model allows the direct application of fast time domain methods for the computation of the periodic steady state solution such as Newton methods which also gives information about the stability of the periodic solution through the Floquet multipliers. An important additional feature of the proposed model is that the small harmonic components can be neglected in the analysis. It is important to remark that this Fourier series model is for the analysis of nonlinear power systems with closed-loop control schemes.
Case Study
With the purpose of showing the properties of the proposed formulation of the VSC, a small but complex power system is considered as a case study. This system is periodic, discontinuous, and nonlinear, with a closed-loop control. The test case is shown in Figure 4 , where the STATCOM includes the control system based on that described in [18] ; Table 2 shows the parameters of the test system. It is important to remark that this case study is described by a set of highly nonlinear and discontinuous ordinary differential equations. This case study 
Electric and control parameters
Sources of voltage (line-to-ground) is first carried out for low switching frequency and then is repeated for a higher switching frequency in order to evaluate the performance of the proposed approach.
Low Switching Frequency.
In this case, the modulation index is = 21 (1260 Hz). Figure 6 shows a comparison in transient state between Simulink and the proposed model with max = 210 which is equivalent to 12.6 kHz or ten times the switching frequency. Figure 6 or 39.7 s; otherwise, the total harmonic components below 12.6 kHz will not be taken into account in the simulation. In the SPWM, there are around max /2 nonzero complex Fourier series coefficients; however, most of them are very small and can be neglected in order to reduce the operations and thus to reduce the computational effort. For this case, there are max /2 nonzero complex Fourier series coefficients (odd components); however, there are only 81 dominant harmonic components (>1 × 10 −3 ). The steady state solution comparison is carried out as follows. Firstly, a time domain simulation during one second is carried out in Simulink in order to obtain the steady state solution. Figure 7(a) shows the obtained solution with Simulink for the voltage at the dc capacitor with three different integration steps. On the other hand, Figure 7 (b) shows the last five full cycles of this solution; notice that the solution is still varying regardless of the simulation time [7] and this is highly affected by the integration step. This behavior is due to the numerical error introduced by the discontinuities of the ideal model of the semiconductors [7, 17] . One of the advantages of the proposed formulation is that it can be used in a Newton method, in order to compute the periodic steady state solution and its respective stability. Figure 8 shows the periodic steady state waveforms of V dc and stat for two different integration steps in order to show that the proposed formulation can be used in simulations with large integration steps. These periodic solutions were computed with a Newton method based on the enhanced numerical differentiation process [1] . Table 3 shows the convergence error of the Newton method for two different integrations steps.
High Switching Frequency.
In practical applications of low power systems, the switching frequency can be up to 100 kHz, but, in this case study, we consider a modulation index of = 165 (9900 Hz); however, the proposed formulation can handle a higher modulation index. For this particular case ( = 165), there are only 89 dominant harmonic components (>1 × 10 −3 ), which hardly represent the 11% of max /2. This consideration reduces almost 90% of the computation effort. Figure 9(a) Simulink requires an integration step of 1 s and the proposed model requires an integration step of 5.05 s; according to the Nyquist-Shannon sampling theorem, this is the largest integration step that can be selected. Figure 10 shows the periodic steady state waveforms of V dc and stat for two different integration steps in order to show that the proposed formulation can be used in simulations with the largest integration step. These periodic solutions were computed with a Newton method based on the enhanced numerical differentiation process [1] . Table 4 shows the convergence error of the Newton method for two different integrations steps. This case omits the transient comparison since the conclusions are similar to the first case.
It is important to remark that the Newton method has quadratic convergence since the full system is considered in the solution; therefore, this model is able to trace the stability boundary of power networks including VSC-based components. For example, for this operating condition, the maximum Floquet multiplier is 0.9522, which means stability for the system. On the other hand, if the integral gain of the amplitude modulation ratio, , is changed from 1.6 to 0.32, the maximum Floquet multiplier is 1.0023 and now the system is unstable. Table 5 shows the convergence error of the enhanced numerical differentiation process for this unstable condition. To verify the instability, a time domain simulation is carried out with = 0.32. Figure 11 shows the time evolution of the voltage across the dc capacitor (a) and the phase portrait of 1 versus 1 (b). From this figure, it is easy to see that the solution is unstable since the phase portrait corresponds to a torus instead of a limit cycle. 
Conclusions
In this research, a comprehensive modeling of the voltage source converter has been presented. The VSC model was developed in terms of the Fourier series. Additionally, analytical and explicit equations for the computation of the switching times have been obtained and, based on these equations, a set of analytical equations for the computation of the complex Fourier series coefficients of the switching functions was developed. The balanced condition and the properties of the Fourier series for equal to odd multiple of three have been exploited in order to compute the three switching functions only with the sixth part of the total switching instants.
Also, the developed model based on the Fourier series representation of the switching functions is suitable for the application of fast time domain methods. In the case of this contribution, a Newton method was applied in order to obtain the periodic steady state solution of a power system in an efficient way. The power system used in the case studies includes nonlinear components with SPWM VSC and with closed-loop control.
In order to prove the benefits of the proposed model, a case study including a STATCOM with a control system has been analyzed. A very important characteristic of the proposed approach has been observed; that is, it is possible to consider only the dominant harmonic components in the solution, which means higher efficiency. For instance, in the second case study, the total harmonic components were 1650; however, only 89 dominant complex Fourier series coefficients were employed in both the transient and the steady state solutions.
In summary, the VSC model developed in this contribution offers the following advantages.
(i) This proposal reaches the periodic steady state solution of a power system in an efficient way by using a Newton method.
(ii) A system that is typically discontinuous is transformed into a continuous one with all its advantages.
(iii) After the transformation, the nonlinear discontinuous system reaches a nonlinear and continuous form including the harmonic information of interest.
